A GENERALIZATION OF K. T. CHEN’S INVARIANTS
FOR PATHS UNDER TRANSFORMATION GROUPS

BY
H. H. JOHNSON(?)

In a series of papers [1; 2; 3; 4], K. T. Chen introduced and studied certain
infinite series of numbers associated with paths in Euclidean n-space. These
numbers were invariants under translations, and in [4] he proved that they
uniquely characterize paths under translations.

This paper’s purpose is investigating similar path invariants for other trans-
formation groups. Integral invariants are studied using prolongations in the
context of C. Ehresmann’s ‘‘jets’’ [5].

A general discussion of the ideas involved is given in §1. §2 is devoted to dif-
ferential equations and some illuminating examples. We find in §3 a sufficient
condition that a group’s invariants uniquely characterize paths. The theory also
applies to pseudo groups having sufficiently regular behavior. All structures as-
sumed C® (infinitely differentiable).

1. INVARIANTS
1.1. Prolongations. Let M be a real C *-manifold. Let G be a Lie group acting ef-
fectively as a transformation group of C®-homeomorphisms on M. If g € G, then
g:M-M. Let © = {0} be the Lie algebra of vector fields on M induced by the
Lie algebra of G.
R is the real line, te R, x € M. A k-jet jk(z) with source t= a(j(x)) and target
x = B(j¥(v)) is the equivalence class of all C*-functions t mapping a neighborhood
of ¢t into M, which satisfy 7(f) = x and have the first same k derivatives at ¢. If
(x',--+,x") are local coordinates on a neighborhood U of x, this k-jet will be
specified by numbers ¢, xt x{, xé, o, xk;i=1,--,n, where
FIEAGO)
BT am
JXM) will denote the k-jets of M. Then (t,x", -+, x", x5, -+, X7, -+, x5, -, %)
are local coordinates for JX(M) on B~ !(U). There are natural C®-projections
pi’ " (M) - JHM), namely, pi'(ji (@) = ji (%)
If g : M — M, there is a natural prolongation p*(g) :J*(M) — J*(M), namely,
1*(9)(j¥()) = j*(g o 7). Hence G can be prolonged to a transformation group on

Received by the editors July 13, 1961.
(1) Supported by OOR Contract DA-36-ORD-2164.

453



454 H. H. JOHNSON [December

J¥M). Vector fields 6 = (dg,/dt),~, on M are prolonged to p*(8) = (dp"(g,)/dt),-
on JX(M). Let p“(©) = {p*(0) |6e®).

Similarly, if h:R— R, there is a prolongation p*(h)(j¥(z)) = jk.(zoh™).
This corresponds to changing the variable ¢. Vector fields ¢ on R may thus be
prolonged to vector fields p*(¢) on JX(M).

Later, exact expressions in local coordinates will be found for these prolonga-
tions. If g:M > M and h:R— R, then p*(g) - p*(h) = p*(h) - p"(g). Hence if @
and ¢ are vector fields on M and R respectively, then [p*(6),p(¢)] =0.
([ ] denotes the Lie bracket.)

1.2. Paths. A path in M is a C “map 7 :[a,b] > M. If 4:[c,d] > [a,b] is C*
and increasing, 7 o A is considered equivalent to . There is a natural prolongation
of 7 to p*(r) : [a,b] = J(M) defined by p*(z) (1) = jX(x).

If ¢ denotes the coordinate on R, a*(dt) on J¥(M) will be denoted more shortly
by dt.

DEFINITION 1.1. A 1-form on an open set of J¥(M) of the type Adt is invariant
under G when for every 8 € © or vector field ¢ on R, the Lie derivative of Adt
with respect to p*(0) and p*(¢) is zero. Note that if ¥ is a vector field on J(M),
the Lie derivative of Adt with respect to ¥ is

[¥, Adt] = {Y,dAddt + Ad ({ Y, dt)).
This implies that p*(g9) * (Adt) = Adt for all geaG.

1.3. Chen constants. The Chen constants for a path 7 :[a,b] - M with respect
to 1-forms A,dt, A,dt,---,A,dt on J¥(M) are defined to be the infinite set of
numbers

J‘A,ldt-uA,jdt, 1sisr j=12,--
These integrals are defined inductively by
L Adt = f @) s (Adt) = f A,
and if 7, =t|[a,t],
j A dt- A, dt = J ’ [ f A,,dt---A,,_ldt] (P"(®)) * (4,,d9).

a

Following Chen [4], these Adt,---,A,dt define an “‘exponential”’ mapping 0
on paths to the space of formal, noncommutative power series in indeterminants
X4, X, over R:

0(1:) = 1 + Z Z (f Aildt“.Aijdt) Xh“'le'
Jj=1 T
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(These integrals are of course defined only when p*(r)([a,b]) is contained in the
domains of 4,dt, -, 4,dt.)

THEOREM 1.1. Let A.dt,---, A,dt be invariant under G. If t is any path in M,
g any element of G, then the paths t and g > © have the same Chen constants.

Proof.
b b
| = [ a0t ema = [ 40 o) @par

- f "4t = [ Aydt.

Since (g o 7), = g © 1,, equality for the other Chen constants also follows.

2. DIFFERENTIAL EQUATIONS

Next we study the partial differential equations satisfied by invariant 1-forms
Adt. All functions and forms are still assumed to be infinitely differentiable.

2.1. Formal derivatives. The following construction is due to M. Kuranishi.
A 1-form @ on an open subset of JX(M) is canonical when (p*(x)) * () = 0 for
all paths 7. Let Q* denote the set of canonical 1-forms. Take local coordinates
(x*',+++,x") on the open set U in M. Then on g~ *(U), JX(M) has local coordinates
(t,x %ty %)), i=1,-,n If 7:() > (x'(t), then p*(x):(5) = (t,x'(1), dx'(r)/dt,
oe, d*XN(8)/d1Y).

Consider the 1-forms 7} = dx} — x},,dt; h=1,--- k — 1, and =}, = dx' — x}dt;
i=1,---,n, on B~I(U).

dt = 0.

; dh i dh+l i
COa=d () - T

Hence n,€Q* for k=0, 1,--,k—1. In fact, it may be shown that any weQ*|,
is = 0 modulo {n}} over the real-valued functions.

If g € G and w e Q¥ and 7 is any path in M, then (p*(x)) * (p"(9)) * () =(p*(g°1))
*(w) = 0, since g o 7 is a path in M. Hence, QFis invariant.

It follows that if € © is defined on an open subset of U, then [p*(0),n{] = 0
modulo {n}}. Similar reasoning shows that if ¢ is a vector field on R, then
[P"(¢), 7] = 0 modulo {x}}.

If F is a real-valued C*-function on an open subset V of J*(M), then on
Ot H™Y(V) we define oF by

dF = (0F)dt modulo (Q**1).

When V < B~1(U),
OF OF JoF

=9 L ot i
OF = 3 +axf"1+“'+ 6xix"“'
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The following lemmas may be proved by induction using the canonical forms
{m}.
LeMMA 2.1. If 0 = 6%(9/0x’) is a vector field on U, then

k
)
k — hni
PO =0+ El”—ax,{°

LemMMA 2.2. If ¢ = E(1)(0/d¢) is a vector field on R, then on B~'(U),

P =9~ £ SE[ 2 (7) vy

m=h

2.2. Differential equations for integral invariants. Let Adt be an invariant
1-form on an open subset of B~'(U). If the Lie algebra © is generated by
0, = 6(9/ox’), A=1,--, 2y, A must satisfy

0 = [p4(6)), Adt] = (p"(8,), dA) dt + Ad((pX(6)), dD)),
or,

04 < o 04
J— h — = = v .
(E,) b7+ ;.}'316 A 5] 0, A=1,,4

Similarly, for every choice of &(f) on R, A must satisfy
k h k
0-¢ S F O (M) Bk

ot 2y At a2, \h) T oxT dr -’

Taking successively & = 1,¢,¢%, ---, one obtains

0A

e 0,
E A=3 w24
(Ey) —m=lmx.,. X7

L 0A
>§h( h)xi.-mg; —0, h=2-k

Thus, the following theorem is true.

THEOREM 2.1. The 1-form Adt defined on an open subset of the coordinate
neighborhood p~*(U) is invariant under G if and only if equations (E,) and
and (E,) hold.

It is natural to ask whether more information could be gained by studying
more general invariant 1-forms on J¥(M). The following may be proved by in-
duction on k.
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ProposITION 2.1. If

k
o= Adt + A;dx’ + X Ahdx]
h=1
is invariant on B~*(U) in J M), then
k
o = (A +apl + X Aj'x,{ﬂ) dt
h=1

is invariant on J**1(M).

2.3. Complete integrability. Instead of solving equations (E,) and (E,) it is
customary [6, §75] to introduce a new variable ¥ and a new system (E’) with V as
an unknown function of 4,t,x',x%, -, xk; i =1,--,n; namely,

aaI: h):zla"o{ 0, A=1,-,0,
L
(E")
A x h,,:I;—O,
éh('}?)x,{,_h“% =0, h=2,- k.

THEOREM 2.2. The system (E’) is completely integrable.

Proof. The following lemmas may be proved by induction arguments, after
which the theorem can be proved by direct computation.
Let F be a real-valued C*-function on an open subset of U.

LemMA 23. If h<k,

hd"F = }: x}, ——ahF).
m=1 6xj"
LEmMMA 2.4.
=L+,
6x

where G is a function on J*~'(M).

LEmMMA 2.5.
0if h<m,
£ (1)« apy _ [O TR
om \m) O oy [(m)a"‘"'“r if h2m.

q q
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2.4. Examples. (a) Translations. Here, M = E" = Euclidean n-space. © is gen-
erated by {9/0x'|i=1,---,n}. p*(©) = ©. When k =1, (E") becomes

v oV .
- % i=ben

v ;W

A_6A+x‘ _ax{ =0,

having solutions ¥V’ = x{/A; j =1,---,n. Hence the invariant 1-forms on J!(M)
are xjdt. The Chen constants of paths with respect to these invariant 1-forms are
the original invariants found by Chen.

(b) Motions. Let M = E*> = {(x',x?)}. © is generated by 9/dx', 9/0x?, and
x%(0/0x")— x1(0/0x?). p*(©) is generated by 9/0x', 9/0x*, and x*(9/ox})
— x'(0/0x?) + x%(9/0x}) — x}(9/0x?) + x2(0/0x}3) — x3(9/0x3). For k=2 equations
(E’) yield two independent solutions,

((xD*+ (D xX1x3 — x3x3
A ’ A[(xD? + (D]
Hence if ds denotes arc length and 1/p denotes curvature, the invariant 1-forms on
J*(M) are generated by ((x})? + (x?)%df)"/% = ds and

{(eix} — x1x2)/ [(xD)* + (xD)*T}dt = 1/pds.

In [4] Chen proved that the invariant 1-forms of example (a) are complete,
i.e., they essentially characterize paths under translations. This cannot be true
in general, especially if one allows the paths to have isolated discontinuities, as
Chen does. For example,

(t0), 0=:=<1/2,
u() = l(l—t,O), 12511

and 1,(t) = {(10)|0 = t < 1}

have the same Chen constants with respect to ds and (1/p)ds, but cannot be ob-
tained from one another by motions. To show that this completeness may fail
no matter how large k may be taken, consider the next example.
(c) Special linear group. M = E?, @ is generated by
0 0 ,0 0 4 ) 0

xr axr v axr o ox2’

For any k, equations (E,) and (E,) contain the equations
0A 04  , 04 & ,04
i R

l_aﬁ+).'3 y 04

X Xp 7 =
axz k=1 haxﬁ
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k
A=7 h( ; 0A +x23A).
h=1

x —_— —
hooxt " ox2

Suppose Adt is invariant. Let 7: (f) = (1,1), 0 < t < 1. Then x;} (p*(?)) = x2(p"(x)) =0
if A > 1 and x}{(p*(x)) = x2(p*(1)) = 1.

One finds from the above equations that A(p*(z)) = 0. This means all the Chen
constants for t are the same as for the constant path. Since the special linear
group is a subgroup of the general projective group, the same conclusion holds
for that case.

(d) The existence of invariants depends on how the group acts. Let G =
{g =(a,b)|aeR, beR} and (a,b)* (a’,b’) = (aa’,a’b + b").

If G acts on E? by g(x',x%) = (x',ax? + b), then © is generated by §/0x* and
x%*(9/0x?). As in example (c) the path 7:(f) = (0,f), 0 <t <1, has A(p*(x)) =0
for any invariant 1-form Adt on J*(M).

However, if G acts by g(x!,x?) = (ax' + b, ax?), then © is generated by 9/dx!
and x!(9/0x") + x*(6/0x?). Hence (x}/x*)dt and (x.%/x?*)dt are invariant on J'(M)
where x2 # 0. The only path (not passing through x> =0) on which these in-
variants are identically zero is the constant path.

3. COMPLETENESS

3.1. Algebraic theory. Chen’s invariants for translation groups possess re-
markable algebraic properties. Chen [4] considered paths which were piecewise
“regular,” i.e., had nonvanishing tangent vectors at all but a finite number of
points and a finite number of jump discontinuities. Then the “product” z-¢ of
two paths 7 and ¢ could be defined as well as “‘the inverse’” 7~ !.

Such a course could be imitated here, defining ‘‘piecewise C®-paths’’ in the
obvious way. As in [4], one can prove that the Chen constants for any invariant
1-forms under a group G satisfy 6(z- o) = 0(z)- 0(c). However, 6(z-7~ ) need
not be 1 (cf. example (b) above). Hence 6(z~!) need not be 6(z) '

3.2. Characterization. Chen’s invariants in [4] characterize paths under
translations: 6(t) = 6(¢) implies T and ¢ are obtained from each other by trans-
lations and such operations as multiplication by y-y~! which do not change 6.
Example (c) shows that this property fails in general. Next, a criterion will be
given under which it does hold. (Recall that our paths are C®, hence such paths
as 79" do not enter into the considerations.)

DEFINITION 3.1. Let A,dt,---, A,dt be invariant 1-forms under G on an open set
U < JY(M). Assume that for all sets f;, -, f, of r real-valued C®-functions de-
fined on an open set ¥ < R, the set

U = {Xea '(V) N U|4,(X) = f((X)), -+, A(X) = f (X))}

satisfies the following three conditions:
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(1) % is a submanifold of a™ '(V) N U,

(2) P“(G) acts transitively on %,

(3) Q, the canonical 1-forms on J(M), satisfy dim Q*|, = dim#% — 1 at all
points of %.

Then G is called complete of order k with respect to A,dt,---,A,dt on U.

THEOREM 3.1. Let G be complete of order k with respect to A.dt,---,A,dt on
U. Let ¢ and © be two C®-paths on M such that p*(c) and p*(z) lie in U. If the
Chen constants of ¢ and t with respect to Adt,---,Adt are identical, then
T =goo for some g€G.

Proof. Suppose ¢ and t have domains [a,b] and [c,d], respectively. Define
C®-paths ¢’ and 7’ in E" = {(y', -, ")} by

t t
o) = ([ 4rerios [ 4,-das),
a £t £ b; and similarly for t’.
Now, the Chen constants for ¢’ under the translation group on E" coincide with
those for o with respect to A4,dt,---, A,dt:

b
[ ey = [ o pierds - 4y pioras

= f Aildt e A‘jdt N

similarly for 1’ and 7. By hypothesis, these constants for ¢’ and 7’ are the same.
Since ¢’ and 7’ are C®-paths, they are irreducible, and it follows from [4, Theo-
rem 4.1] that ¢’ can be obtained from ¢’ by a translation. However, ¢'(a) = (0, ---,0)
= 1'(c). Hence ¢’ and 1’ coincide. Hence, one can change parameters so that ¢’
and t’ are both defined on [a,b] and agree completely: o'(f) = 7'(¥).

After this change, let £,(£) = 4  p}(0) = Ay ° Pt (2), -, f,(£) = A,°pX(0) = 4,°P}(2),
for a <t < b. Then

U = {X ea”'((a,b))| 41(X) = fL(AX)), -+, A(X) = f((X))}
is a submanifold of & *((a,b)) containing j*(¢) and j¥(z) for a < t < b. Since p*(G)
is transitive on %, there exists g € G such that for any fixed ¢, € (a,b), j:(t) = j.(g°0).

Condition (3) of Definition 3.1 implies that the system of exterior differential
forms

dx' — x\dt, i=1,.n,

dxp-y - x{dt, i=1,--,n,
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restricted to %, is completely integrable and has unique solutions of degree 1
through each point of %. j¥(g o) and j}(z) are two such solutions through to.
Therefore, ji(g o) = j&(z) in a neighborhood of t,. Hence g oa(t) = f(j*(g ° o)
= B(j¥(z)) = 1(f) in a neighborhood of t,. Since ¢, is arbitrary, this equality holds
on (a,b), and by continuity on [a,b].

CoROLLARY. Let 7;:[a;b]]—> M, i =12, be two C®-paths in the plane for
which (x} ° pl(t))* + (x7 o pi(z))? # O for te[a,b;]. Let s(t) denote arc length
of T, measured from a, to t, K(t) the curvature of t; at t. Then if
ds; ds,

"F, Fi2=Ki i=1’2’

Fu = @

satisfy

b] bZ
f F“‘dt"‘Fludt =f Fzgldt"'Fzgjdt
a az

for all iy,---,i;=1,2; j=1,2,3,..-, then ty may be obtained from t, by a
motion.

Proof. It suffices to observe that the group of motions is complete of order 2
with respect to A,dt = ((x})? + (x})?)'/?dt and

Aydt = {(x1x3 — x3xD/[(x1)? + (xD)*]}dt
on U = {X eJ*(M)|(x})* + (x})* # 0}
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